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Abstract 

Suppose that Y(t) is a d-dimensional Levy symmetric process for which its Levy 
measure differs from the Levy measure of the isotropic a-stable process (0 < a < 2) 
by a finite signed measure. For a bounded Lipschitz set D we compare the Green 
functions of the process Y and its stable counterpart. We prove a few comparability 
results either one sided or two sided. Assuming an additional condition about the 
difference of the densities of the Levy measures, namely that it is of order of |x| _ci+£l 
as \x\ — > 0, where g > 0, we prove that the Green functions are comparable, provided 
D is connected. 

These results apply for example to a-stable relativistic process. This process was 
studied in [RJ IGS3j , where the bounds for its Green functions were proved for d > a 
and smooth sets. In the paper we also considered one dimensional case for a > 1 and 
proved that the Green functions for an open and bounded interval are comparable. 

1 Introduction 

The purpose of the paper is to study estimates of the Green functions of bounded open 
sets of a symmetric Levy process Y t , which lives on M d . We assume that its Levy measure 
is close in some sense, which we specify later, to the Levy measure of the isotropic te- 
stable process. From the point of view of infinitesimal generators, the generator of the 
semigroup corresponding to Y t can be considered as a perturbation of the fractional Laplacian 
by a bounded linear operator. The potential theory of the stable process was extensively 
investigated in the recent years (see |Bolj . |BB| . |CSlj . |K2j ) and the there are several results 
providing the estimates of the Green functions of C 1 ' 1 bounded sets (see jKlj and |GS2j ) 
or even bounded Lipschitz sets ([j], |Bo2j ). We intend to make a comparison of the Green 
function of the process Y t and its stable counterpart. One of the first results in this direction 
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was contained in jE], where so called relativistic a-stable process was considered. This is a 
process which characteristic function is of the form 

E°e iz ' Yt = e -*((M 2 W/^ 2 -H z e R * 

where < a < 2 and m > is a parameter. Observe that for m = it reduces to the 
isotropic a-stable process. The main result of jHJ says that the Green function of C 1,1 
bounded set was comparable to the Green function of the isotropic a-stable process if d > a. 
Later on that result was derived by a different method in |CS3j . In the present paper we 
develop methods from jE] to derive several extensions of the results proved therein. The 
main results are contained in the following two theorems. 

Theorem 1.1. Let D cK d be a Lipschitz connected and bounded open set. Suppose that Y t 
is a symmetric purely jump Levy process in M. d with d > 1 and v Y (x) is the density of its Levy 
measure. By v{x) we denote the density of the Levy measure of the isotropic stable process 
and by Go its Green function of D. Assume that cr(x) = v{x) — v Y [x) > 0, x G M. d , and 
a(x) ^ c|x| e_d for \x\ ^ 1, where c, g > 0. Then there exists a constant C = C(d, a, D, g, c), 
such that 

C-'Goix, y) ^ G Y D (x, y) ^ CG D (x, y), 

for all x,y G D. 

In the next theorem we remove the assumption about positivity of the function a at the 
cost of some mild assumption about the behaviour of the density of the Levy measure. 

Theorem 1.2. With the same notation as in the previous theorem assume that there are 
positive constants c and g such that \o~(x)\ ^ c|x| _a!+e for \x\ ^ 1, and v Y [x) is bounded on 
B c (0, 1). Then there is a constant C = C(d, a, D, g, a) such that for any x,y G D, 

C- 1 G D (x,y)^G Y (x,y)^CG D (x,y). 

Observe that in the first theorem the assumption about the positivity of o enables us 
not to assume anything about the behaviour of v Y [x) away from the origin except it has to 
be dominated by v. For example v Y [x) can vanish outside some neighborhood of the origin. 
Of course that assumptions are readily checked for the relativistic process (see |R] for the 
description of the Levy measure), so the theorem extends to Lipschitz bounded domains 
the main result of [E] (see also |CS3j ). In addition, note that it covers the one-dimensional 
case for a > 1, which was not treated in the neither papers cited above. Actually both 
papers assumed d > 2 but the proofs remain valid for d > a. To our best knowledge the one 
dimensional result is a new one which fills the gap in the potential theory of the relativistic 
process. 

The methods we apply are elementary and are based on the fact that for any two pure 
jump processes such that the difference of their Levy measures is a positive and finite measure 
one can represent one of the processes as a sum of the other and an independent compound 
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Poisson process. A different approach in taken in |CS3| . where the problem in C 1 ' 1 case 
was tackled by so called drift transform technique. After obtaining the main results of the 
present paper the authors found on the website of Panki Kim a paper of Kim and Lee 
|KL| with similar results as ours but even for more general sets (so called K-fat sets). The 
method they use is essentially designed in |CS3| . so our methods and results can be viewed 
as an alternative approach to the problem of comparing the Green functions. Moreover our 
method can handle the situation when a Levy measure vanishes outside some neighborhood 
of the origin which seems not be an option in the other method used in |CS3j or |KLj . 

The paper is organized in the following way. In Section 2 we set up the notation and 
provide necessary definitions and basic facts needed in the sequel. At first we do not assume 
that Y t is compared with the stable process but we sometimes work in slightly more general 
setup. Namely some of the results are formulated in such a way that Y t is compared with 
another Levy process X t under the appropriate assumptions about their Levy measures. 
In Section 3 we prove the main estimates along with some other related results. To prove 
Theorem 11.21 we first prove the estimates for sets of small diameter and then use it to prove 
Boundary Harnack Principle (BHP) for the process Y t in the case when its Levy measure 
dominates the Levy measure of the isotropic a-stable process. 



2 Preliminaries 

In M. d , d ^ 1, we consider a symmetric Levy processes X t such that its characteristic triplet 
is equal to (0, v, 0), where v is its (nonzero) Levy measure. That is its characteristic function 
is given by 

j^O e iz-X t _ e -t J Rd (l~cos(z-w))u(dw) ^ z £ j^d 

If the measure v is absolutely continuous with respect to the Lebesque measure then by 
v[x) we denote its density. By p(t,x,y) we denote the transition densities of X t , which are 
assumed to be bounded and defined for every x, y G M. d . The potential kernel for X t is given 
by 

POO 

U(x,y) = U(x - y) = p(t,x-y)dt. 

Jo 

We use the notation C = C(a, (3, 7, . . . ) to denote that the constant C depends on 
a,/?, 7, ... . Usually values of constants may change from line to line, but they are always 
strictly positive and finite. Sometimes we skip in notation that constants depend on usual 
quantities (e.g. d, a). Next, we give some definitions. We use / ~ g on D to denote that 
the functions / and g are comparable, that is there exists a constant C such that 

C-V(x) < g(x) < Cf(x), xeD. 

Let D C M d be an open set. By td we denote the first exit time from D that is 

r D = M{t > : X t i D}. 

Next, we investigate boundness of the first moment of td- 
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Lemma 2.1. For any bounded open set D there exists a constant C = C(D) such that 



sup E x t d <: C. 



Proof. The proof of this lemma follows by the same arguments as in the classical case for 
the Brownian motion (see |CZj ). The argument therein requires the existence of to > such 
that sup xgIR d P x (X to G D) < 1. However, repeating the steps from Lemma 48.3 in [SJ, one 
can obtain that 

sup P x (X t G D) = 0(t -1/2 ), t -> oo. 

□ 

In order to study the killed process on exiting of D we construct its transition densities 
by the classical formula 

p D (t, x, y) = pit, x, y) - r D (t, x, y), 

where 

r D (t,x,y) = E x [t ^ r D ;p(t - r D ,X TD ,y)]. 

The arguments used for Brownian motion (see eg. |GZ| ) will prevail in our case and one can 
easily show that pz>(t,x,y), t > 0, satisfy the Chapman-Kolmogorov equation (semigroup 
property). Moreover the transition density po{t,x,y) is a symmetric function (x,y) a.s. 
Assuming some other mild conditions on the transition densities of the (free) process one 
can actually show that pz>(t,x,y) can be chosen as continuous functions of (x,y). Next, we 
define the Green function of the set D, 

POO 

G D (x,y) = / p D (t,x,y)dt. 
Jo 

Let us see that the integral is well defined, because 

f f poo /»oo 

/ G D (x,y)dy= / / p D (t, x,y)dtdy = / P x (t d > t)dt = E x r D < oo. 

J D J D JO Jo 

Hence for every x G M. d the Green function Gd{x, y) is well defined (y) a.s. Again under the 
assumptions which make po(t,x,y), t > 0, continuous functions in arguments x,y one can 
show that the Green function is a continuous (in extended sense) function on D x D. 

It is well known that if the Levy measure is absolutely continuous with respect to the 
Lebesque measure then the distribution of X TD restricted to D is absolutely continuous as 
well (see Ikeda Watanabe) and the density is given by so called Ikeda-Watanabe formula: 

P D (x, z) = / G D (x, y)u(y - z)dy, (x, z) G D x D c 
Jd 

We call Pd(x,z) the Poisson kernel. Under some other mild conditions X TD has zero prob- 
ability of belonging to the boundary od D so in this case the Poisson kernel fully describe 
the distribution of the exiting point. 
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We say that measurable function u is harmonic with respect to X t in an open set D if 
for every bounded open set U satisfying U C D, 

u(x) = E x u(X TU ), x elf. 

Whereas if 

u(x) = E x u(X TD ), x e D, 

then we say that u is regular harmonic with respect to X t in an open set D. 

The following lemma is a simple consequence of Lemma 12. II and boundness of p(t, x). 

Lemma 2.2. For any x G D and t > 1 we have 

E x T£)E^ 't 

p D (t,x,y) < C(X) ^ (y) a.s. . 

Proof. Observe that for s ^ 0, 

sup pd(s + 1/2, x, y) ^ sup p(s + 1/2, x — y) = sup p(l/2, •) x) ^ sup p(l/2, a?) = Ci. 



Hence, by the Chapman- Kolmogorov equation we obtain for t ^ 1 and (?/) a.s. 

p D {t,x,y) = [ p D {t/2,x,z)p D {t/2,z,y)dz < C^td > t/2). 



Applying again the Chapman-Kolmogorov equation together with the above inequality we 

get 

p D (t,x,y) ^ C.P^td > t/A) [ p D (t/2,z,y)dz = C x P x {r D > t/A)PV{r D > t/2), 

Jd 

where td = inf{t > : — X t G D}. But the process X t is symmetric, so {X t } = {— X t }. 
Hence 

P y ir D > t/2) = py(r D > t/2). 

Therefore, we have 

p D (t,x,y) *C C\P X {td > t/A)P y (r D > t/2). 
The application of Chebyshev's inequality completes the proof. □ 

Remark 2.3. If X t is isotropic stable process then by similar arguments we have for t > 
and x,y G D, 

p D (t,x,y) ^ C{a, d) ^ +d/a . 

In one of our general results (Theorem 13. lj) we require the following property which 
exhibits a relation between moments of the exiting times and the Green function. 
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Property A. Suppose that there is a constant c = c(D) such that 

E x t d E v t d < cG D {x, y), x,y e D. 

At the first glance the above condition looks a bit restrictive but actually it holds in 
the stable case ( j[K2l . fOSTj . [B] ) and usually it is derived as a consequence of the intrinsic 
ultracontractivity of the killed process. In the recent paper of the first author (see [0]) the 
intrinsic ultracontractivity is studied under much broader assumptions. For example the 
above property holds if po(t, •, •) is continuous in x, y and the Lebesgue measure is absolute 
continuous with respect to the Levy measure. 

From now we consider two symmetric Levy processes Y t and X t such that a signed measure 
a = v x — v Y is finite, where v Y , v x are Levy measures of Y t and X t respectively. We use that 
notational convention throughout the whole paper, e.g. we denote the transition density of 
X t by p x (t,x) and the transition density of Y t by p Y (t,x). Later on we specify one of the 
processes, say X t , to be the isotropic stable process. The aim of this paper is to provide 
some comparisons between the two process in various aspects of which the relationship of 
the Green functions is our main target. Some of the results are general but our typical 
situation is a comparison between the isotropic stable process and another process with the 
Levy measures sufficiently close to each other. 

With the assumption that o = v x — v Y is finite we can write the following formula 
comparing infinitesimal generators on of these processes 

A Y = A x - P, where Pip(x) = a * (p(x) - o-{R d )<f{x). 

The fact that P is a bounded operator implies that the domains of these generators coincide. 

As mentioned above, very often the process X t is taken to be the isotropic a-stable 
process, < a < 2 . To emphasize its role we denote it by X t . That process has the 
following characteristic function: 

E o e iz-x t = e -t\z\^ zGR d 

From now on, we will use the tilde sign to denote functions, measures and etc. corresponding 
to X t . For example its Levy measure is given by the formula 

v{B)= I ^(-a,d)\x\- d - a dx, 
Jb 

where stf(p } d) = ^]/2^r(p/2)| • ^ e potential kernel which is well defined for a < d is given 

U(x) = ^(a,d)\x\ a - d } x G M. d . 

The next two lemmas provide basic tools for examining the relationship between the 
Green functions. In the first we compare the moments of exiting times only under the as- 
sumption that cr = v x — v Y is a finite signed measure, while in the second we require that 
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a is nonnegative. This assumption provides us with a nice inequality involving the transi- 
tions densities. However the both lemmas already appeared in |R] under some additional 
assumptions, we deliver the proofs for the reader convenience. 

Lemma 2.4. Let D be a bounded open set and o = v x — v Y be finite. Then we have on D, 

E x t* « E x t y d . 

Proof. Suppose that the Jordan decomposition of a = o~ + — <r_. Let V t be a compound Poisson 
process independent of X t with the Levy measure <r_ and V t be a compound Poisson process 
independent of Y t with the Levy measure a + . We put Z t = X t + V t , then of course we have 
{Z t } = {Y t + V/}. Hence, it's enough to show that E x t^ « E x t£. 

Let us define a stopping time T by T = inf{t > : V t ^ 0}. The processes X t and 
are mutually independent, therefore X t and T are independent as well. Besides, Z t = X t for 
< t < T. We set m = 

First, we claim that E x (t^) ^ 2E x (t£ A t) for t large enough. Indeed, by the Markov 
Property and Lemma \2. II we have 

E x t* = E x {t* At)+E X {T* >t;T* -t)=E x {T* At)+E X {T* >t;E Xt T*) 

^ E x (t* A t) + CP*(t* > t) ^ P x (r* A t) + C^^, 

t 

which proves our claim for t ^ 2C. 

Because r| A T = A T, so by independence T and X t we get 

/>oo 

P x r| > P x '(r| AT) = £ x (t£ AT) = E x (t* A t)m e - mt dt 

Jo 

poo 1 
</2C 2 

Now, we prove the upper bound 

E x tE = E x {tIaT) + E x {tI>T;tI-T) 
^ E x t$ + E x (tE > T;E Zt tE) 
< E x t* + CP x {tE>T), 

but 

/■oo 

P*(r| > T) ^ P*(t£ ^ T) = m / P x '(r* ^ t)e" m *dt < m^r^, 

Jo 

which ends the proof. □ 

Lemma 2.5. Suppose that a = v x — v Y is a nonnegative finite measure and D is an open 
set. Then for any x G D and t > 0, 

p Y D {t,x,-) ^e mt pX{t,x,-) a.s. . 

If, in addition, we assume that p Y it, ■) andp x (t, ■) are continuous then we have for x,y e D, 

r Y (t,x } y)^e 2mt rE(t,x,y). 



7 



Proof. We put m = a(M. d ) < oo, and define a compound Poisson process V t with the Levy 
measure a independent of Y t . A random variable 

T = M{t ^ : V t ^ 0} (1) 

has the exponential distribution with intensity m. Then Y t and T are independent and for 
^ t < T we have X t = Y t . 

Let A be a Borel subset of D. Since F t = X t , for t < T we infer that {r£ > t} n {T > 
t} = > f} n {T > f}. By independence of Y t and T 

<T%;Y t e A)P x (T>t) = P x (t<r Y ;Y t eA;T>t) 

= P x (t <T*;X t e A;T >t) 
^ P x (t<T*;X t eA). 

So we obtain that (y) a.s. , 

p Y (t,x : y)P x (T > t) ^p£(t,x,y). 

But T has the exponential distribution with intensity m, that is P X (T > t) = e~ mt . 

The second inequality is proved analogously, using the first with D = M. d in the inter- 
mediate step. Moreover the continuity of p Y (t, •) and p x (t, •) is required to justify the last 
step: 

r Y D (t,x,y)e- mt = E x [t > r Y ;p Y (t - r Y ,Y T r,y)]P x (T > t) 
= E x [T Y ^t<T-p Y {t-T Y D) Y rl ,y)} 
= E x [r x ^t<T;p Y (t-r x ,X T x,y)} 
^ e mt E x [r x ^t;p x (t-r x ,X T x,y)] 
= e mt r x (t,x,y). 

□ 

The next lemma is a sort of a comparison between transition densities in that sense that 
a "nice" behaviour of them for one process implies that the transition densities of the second 
are uniformly bounded away from zero. The "nice" behaviour for example is present if the 
first process is the isotropic stable process. We use that result in the sequel to assure that 
the transition densities of the killed process are continuous and to assure the property A. 
We define an exponent of a signed finite measure a by 

exp{a}(A) = e ~ a{Rd) where Acl d isa Borel set. 
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Lemma 2.6. Suppose that v x and v Y are absolutely continuous and o~(x) = u x (x) — v y (x) 
is an integrable function such that \p x (t, •) * cr(x)\ + \o~(x)\ < c\ for \x\ > 5 and t < 1. If 
p x (t,x) ^ c 2 t~^ for t < 1, where ( > 0, and p x (t,x) ^ c 3 (5) for \x\ > 5, then there is a 
constant C such that 

p Y (t,x)<C, \x\ > {[() V 1)5 andt > 0. 
Proof. Suppose that L d \a(x)\dx = M < oo. We put L d a(x)dx = m. We can write 

p Y (t, x) = p x (t, ■) * exp{-ta} = p x (t, x)e tm + V iz!l!^M^!!M e ^. 

/ — ' n! 

n=l 

Observe that \p x (t, ■) * a* n (x)\ < sup y6J?d p x (t, y)M n ^ c 2 ^p, so for t < 1 we have 

| V H ;) ' ^' «-| < C V tr^H = Ce- < oc. (2) 

^ n! ^ n! 

Now, we show that if \p x (t, •) * cr(x)| + |cr(x) | < c(l) for |x| > 5 and t < 1 then 

< c(n), |x|>n<J. (3) 
We assume (JHJ) for n and we prove it for n + 1. Observe that 

\p x (t,-)*a* n+1 (x)\ ^ [ \ p X(t,-)*o-* n (x-y)\\o-(y)\dy + 

J B c (x,nS) 

+ / \p X (t,-)*a* n (x-y)\\a(y)\dy 

J B(x,nS) 

< c{n)M + Cl M n , 

because if y G B(x,nS) then |?/| > |x| — |rr — y\ > 5. Combining (J2J) and © and using that 
p x (t, x) < c(S) for \x\ > 5 we end the proof for £ $C 1. 
Next, for t > 1 we have 

sup p y (t, x) = sup p y (l, •) * p Y (t — 1, x) ^ sup p Y (l, x) = C, 



which proves the conclusion for t > 1. □ 

The following lemma is an attempt to find a condition under which the potential kernel 
of a process is comparable at the vicinity of the origin with the stable potential kernel. It 
will play an important role in proving the upper bound for the Green function G Y D by its 
stable counterpart (see Theorem 13.221) . 

Lemma 2.7. Let d > a. Let —a = v Y — v be a nonnegative finite measure such that 
U * (—a)(x) < CU(x) for \x\ < 1 then for some constant C > 1, 

C- x U{x) < U Y (x) < CU(x), \x\ < 1. 
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Proof. Suppose that —a = v Y — v > 0. Let — <r(IR a! ) = m > 0. We can write 

p Y {t, x) = p{t, •) * exp{-M = p{t, x)e-*» + £ f ^' >( ," ffr " (x) e- te 

71=1 

Observe that •) * (— a)* n (x) < sup eRd pit, y)m n = Cjj^ so for n > d/a — 1 we have 



ni j ni 

< C T{n + 1 - d/a) m d ^<C 



d/a+l 



n\ n d l a 
This implies that 

t ^"^ ^ E <«, (4) 

n>d/a— 1 n>d/a— 1 







Next estimating t n e * m < C(n,m) < oo we have 

-e-* m rft < C(n, m) ?7 * (-a)* n (x). 



t n p(t, 'J - , K, I V .< I 



n! 



Let £/(x) = . If we assume that U * (— < CU(x) for |x| < 1 then we claim that 

U * i-o-)* n (x) < C{n)U{x), \x\ < 1. (5) 
We check this for n = 2 since the general case will follow by induction. 



C/*^) = / U*(-a)(x-y)(-a)(dy) + U{x-y)a*\dy) 

'B(x,i) J B c {x,l) 



< C / U(x-y)(-o-)(dy) + ^m 2 

JB(x,l) 

< C 2 U{x) +£/m 2 < C(2)U(x), 

because lim\ x \^ U(x) = oo. By (HJ) and © we conclude that £/ y (x) < CU(x), \x\ < 1. 

Getting the reverse inequality is almost immediate since p(t, x) < e tm p Y (t, x) fLemma !2.5l 
with the fact that pit, ■) and p Y (t, •) are continuous). The following estimate is well known: 



p(t..r)^('Ul.«) (r^A^). (0) 



Hence for \x\ ^ 1, 



U(x) ^ C I p{t,x)dt, 
Jo 
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for some constant C = C(d,a). Therefore 



U{x) ^ [ p(t,x)dt<e m [ p Y {t,x)dt<e m U Y {x), 
Jo Jo 

for \x\ < 1. □ 
Remark 2.8. If — a(x) is a nonnegative density of a finite measure and 

-a(x) < C\x\- d+e , \x\ < 1, 
where g > then the condition U * (—a)(x) < CU{x) for |x| < 1 is satisfied. 

The last lemma in this section is intended to treat the one-dimensional recurrent case 
while comparing two processes of which one is a stable one. This case is different from the 
transient one and requires somewhat different arguments. 

Lemma 2.9. Let d — 1, a > 1 and < to < 1. Suppose that a — v — v Y is a finite measure. 
Then there exists a constant C = C (m, M) such that 

-to 



[ ° \p(t,x) - e- 2mt p Y (t,x)\dt < Ctl 1/a , 
Jo 



where m = cr(R) and M = \a 
Proof. Let cr(R) = m and \a 



M > 0. We can write 



p*(t, x) = p(t, •) * exp{-ta} = pit, x)e tm + V ( * °* n (*) 

n=l 

Next \p(t, ■) * a* n (x)\ < sup yeR p(t : y)M n = C-^. Using this estimate we obtain 



\p(t, x) - e~ 2mt p Y (t, x 



p(t, x)(l - e-) - £ t^miAl^M e-rnt 



n=l 



< p(^)(l-e-) + -^£^e- 



n=l 



From the above it easily follows that there is a constant C = C(m, M) such that 



x)- e - 2mt p Y (t,x)\<Ct 1 - 1 / a , t<l. 



Now the conclusion follows by integration. 



□ 
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3 Comparability of the Green functions 

In this section we prove our main results. We start with a general one-sided estimate of 
Green functions. 

Theorem 3.1. Let D be a bounded open set and a finite measure o = v —v Y be nonnegative. 
Suppose that for one of the processes X t or Y t its Green function satisfies the property A. 
Then there exists a constant C = C(cr, D, a, d) such that for x G D, 

G Y (x,y)^CG x (x,y) (y) a.s.. 

Proof. Denote cx(R a! ) = m. From Lemmas 12.21 and 12.51 we get (y) almost surely 

-to 



/■to POO 

G Y D {x,y) = I PD(t,x,y)dt+ / p Y D {t } x } y)dt 
Jo Jt 

fto poo 

< e m '° / p^ > (t,x,y)dt + C 1 / t~' 1 E x T Y E y T Y D dt, 

JO J t 



for to > 1. Hence 



If K satisfies 



G ¥ D (x,y) ^ cG x D {x,y) + ^E^r Y EH Y . 



E x r Y E y r Y <C 2 G Y D {x,y), (7) 
then for to = max{l, 2CiC 2 } we get 

G Y (x,y) ^2cG*(x,y). 

Now, suppose that Q holds for X t . Then by Lemma [2.41 we have 

G Y (x,y)^cGUx,y) + C 3 E x r x E^^CG x (x,y), 

which ends the proof. □ 



Kulczycki in \K2 j showed that for the isotropic a-stable process the property A is satisfied 
for any bounded open set D, so we obtain the following. 

Corollary 3.2. Let D be a bounded open set. If a = v — v Y is a nonnegative and finite 
measure then there is a constant C such that 

G Y (x,y)^CG D (x,y). 

If v Y — v is a nonnegative and finite measure then 

G D (x,y)^CG Y (x,y). 
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Suppose that p^(t,x,-) and Pp(t, -,x) are continuous for any x G D. If the Lebesgue 
measure is absolutely continuous with respect to the Levy measure of X t , then the following 
theorem is true for any bounded open set D. Whereas if there exists a radius r > such 
that density u x of the absolute continuous part of the Levy measure satisfies 

inf v£(x) > 0, 

x£B(0,r) 

then the following theorem holds for any bounded and connected Lipschitz domain D (see 

Theorem 3.3. For every t > there is a constant c = c(t, D, a) such that 

cE x Tp E y Tp ^p x (t,x,y), x,yeD. 
If we integrate the above inequality with respect to alt we get the property A for X t 

CE*r x Eyr x ^G x (x,y). 
Therefore from Theorem 13. II we infer that 

Corollary 3.4. Let p^(t,-,-) be continuous for every t > 0, and let a finite measure a = 
u x — v Y be nonnegative. Suppose that the Lebesgue measure is absolutely continuous with 
respect to v x . Then for any bounded open set D there exists a constant C = C(a, D,a,d) 
such that for x G D, 

Go(x,y) ^ CG^(x,y), (y) a.s.. 

Our next goal is to reverse the above estimate. We are not able to do it under the above 
assumptions but this will be done under some additional assumptions through several steps. 
In the first one we take advantage of the following lemma which can be proved similarly as 
Lemma 7 in |Rj. 

Lemma 3.5. Let a = u x — u Y be a nonnegative finite measure. Suppose that G^,(x, •) and 
•) are continuous then 

G x {x,y) ^ G Y D (x,y) + E x \r x > T; G x (X T ,y)}, 

where T is defined by (OP- 

This lemma can be rewritten in the way which is more useful for further analysis. 

Corollary 3.6. Suppose that a = v x — v Y is a nonnegative finite measure, G^(x, ■) and 
Gf)(x, •) are continuous. Then 

G^(x,y) ^Gn(x,y) + / / G Y (x, w)G x (w + z, y)a(dz)dw. 

JD JD-w 



13 



Proof. See the proof of Lemma 9 in [R]. 



□ 



From now on we assume that X t = X t and that the measure a = v — v is finite and 
absolutely continuous. We will use the following notational convention: in the case when a 
measure \i is absolutely continuous we denote its density by fi(x). That is a(x) is the density 
of v — v Y Moreover we assume a particular behavior of o{x) near 0, that is we suppose there 
exist g > and C such that 

\a(x)\ ^ C\x\ Q ~ d , \x\^l. (8) 

In addition we assume that a(x) is bounded on B c (0, 1), which obviously is equivalent to 
boundness of v Y [x) on B c (0, 1). 

For example the above conditions are satisfied by the Levy measure of the relativistic 
process (see |R]) and the Levy measure of the a-stable process truncated to 5(0, 1) (u Y (x) = 
1b(o,i){x)u(x)). 

With these assumptions we have that the characteristic function of Y t is integrable, so 
p Y (t, •) is bounded and continuous. Moreover, by (JEJ) we get that for any 5 > 0, 

p(t,x)^C(5), \x\^5. 

Therefore from Lemma f2. 61 we obtain that the transition density of Y t also satisfies 

p Y {t,x)^C{5) \x\^5. 

This property enables us to prove, similarly as for the Brownian motion in |CZj . that 
p^it, x, ■) and p Y (t, -, y) are continuous, moreover G^(x, •) and G%(-, y) are continuous, too. 
Hence under the present assumptions, in all claims of the results proved so far, we have that 
the estimates hold for every y not for almost all. 

Furthermore, we have that there exists a radius r and a constant c such that v[x) < 
cv Y [x) on B(0,r). So, inf^s^r) v Y [x) > 0. Therefore from Theorem 13.31 we have that for 
any bounded and connected Lipschitz domain the process Y t satisfies property A. That is 
we have the following corollary. 

Corollary 3.7. Let o~(x) = vix) — v Y [x] be an integrable function satisfying (QJ). Moreover 
let a be bounded on B c (0, 1). Then the property A holds for Y t and any bounded connected 
Lipschitz domain. Whereas if we assume that v Y ^ v then the property A holds for Y t and 
any bounded open set. 

Let D C W 1 be a bounded Lipschitz domain with Lipschitz character (r , A) (see jjj, |Bol 
for the definitions). We need to introduce some additional notation related to D. We assume 
that D is a nonempty, open and bounded set. We put r = dia ^( D ) and k = l/(2\/l + A 2 ). 
The set {x G D : 5d(x) ^ r /2} is nonempty. We choose one of its elements and denote 
by xo = xo(D). Besides we fix a point x\ such that |xo — x\\ = r^/A. For any x,y G D let 
r = r(x, y) = 5d(x) V V \x — y\. If r ^ r /32 we put A x>y as a element of the following 
set 

B(x, y ) = {AeD: B(A, «r) C D n B(x, 3r) n B(y, 3r)}, 
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and if r > r /32 we set A x>y = x\. 

For Lipschitz domains Jakubowski [J] proved the following theorem about estimates of 
the Green function for the isotropic a-stable process in the case d > 2. If d — 1, then 
analogous theorem is true as well for a < 1 (see e.g. ]ByB| ). 

Theorem 3.8. Let D be a bounded Lipschitz domain and d > a. There is a constant 
C\ = Ci(d, A, r , diam(D), a) such that for every x,y G D we have 



ct—d 



where 4>d(x) = Gd(x, xo) A (d, a)r^ 

From the scaling property of the Green function for the isotropic a-stable process we 
have the following remark. 

Remark 3.9. The constant C\ depends on r and diam(D) only by their ratio r . 

Now, we recall estimates for the Green function of the isotropic a-stable process if 1 = 
d ^ a. Their proof can be found e.g. in ByB|. 



Theorem 3.10. Let d = 1 and D be an open interval. Then we have on D x D, 
G D (x,y) ~ 



log( fe( t_t ))1/2 +l)> ° = 1, 



min{(M^D(?/)) (a - 1)/2 , {5Di t-y\ ))a/2 } ' 1<a - 

The consequence of Lemma 13 and 15 from [JJ is the following lemma. 

Lemma 3.11. There are constants 7 = 7(<i, A, a) < a < d and C = C(d, A, a, r ) such that 
for every x,y, z,w 6 D we have 



<Pd(A x , w )4> d (A 



\x - y\ 


7 


x-y\ 


7 


x - 


-y\ 


27 


\x — w 


I 7 ' 


\ z - y\ 


7' 


x - 


■ w\ 


7 


z 


-y\ 





Proof. First, we assume that \x — y\ ^ \x — w\. Then it can be proved using similar methods 
as in Lemma 13 of jjj that 

^d(A x>v ) ^ C(d, A, a, r o )0 D (A X:W ). (9) 
Now, let \x — w\ ^ \x — y\. Then from the proof of Lemma 15 in jjj we infer that 

— |x — y\^ ~ 

4>D{A Xt y) ^ C(d, X,a,r ) _ <j>D(A XjW ), (10) 
for some < 7 < a. Combining Q and ()10j) ends the proof. □ 
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\y-z\ a - d \z-w\ e \w-x\ b - d dzdw < C I 



D JD 



Lemma 3.12. Let x ^ y G D, —d < g and < a, b. Then there exists a constant C = 
C(d, a, b, g) such that 

\x-y\ a+s+b , a + g + b<0, 

i + ^Ow)' a + g + b = 0, 

(diam(£>))-(l + tog(^i)), a = b = -g, 
(diam(D)) a+s+b , otherwise. 

Proof. By changing variables: u = ^r^\ an d v = j^f^ we get 

/ / \y-z\ a - d \z-w\ e \w-x\ b - d dzdw = \x-y\ a+b+e I [ \u\ a ~ d \v\ b - d \u-v-q\ Q dudv, 

\x-y\ \x-y\ 

where q = -f—^- 

\x-y\ 

For q + a < we have 

f | u |«-d| u _ v _ q \s du = c dta Jv + q| a+e , 

and for g + a + b < 0, 

/ \v\ b - d \v + q\ a+ ?dv = C d , aAe , 
which proves the first case. When g + a + b = 0, then we have 

/ |u| 6_d |u + q| a+ff du < / \v\ b - d \v + q\ a+8 dv + 2~ e - a [ \v\' d dv 

J^^r Jb(Q,2) J B(QAiam(D)/\x-v\)\B(0,2) 



'5(0,2) J B(0,dia,m(D)/\x-y\)\B(0,2) 

= C(d, a, ft, e) + C(d, a, e) (log ( d | '™ ( ^| ) ) - log(2))) V 

< C (<i ,a,M){l + log(^^)}. 

lf0<^ + a + 6<6 then 

/ |u| 6 ~ d |u + q| a+e cfc < / \v\ b ~ d \v + <\\ a+e dv + 2~ e ~ a [ \v\ s+a+b ~ d dv 

J§E^ Jb{0,2) Jb(O,*0°1)\B(O,2) 



The remaining cases can be proved in the same way. □ 
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Lemma 3.13. Let d > a. Suppose that there is a positive g and c\ = ci(diam(D)) such that 
\o~(x)\ ^ ci\x\ Q ~ d for \x\ < diam(D). Then there exists a constant C = C(d, A, r , a, g) such 
that for all x,y G D, 

God/, z)\a(z — w)\Gd(w, x)dwdz ^ c\C (diam(D))^ 1 \x — ?/|^ 2 Gd(x, y), 




' D JD 

for some Ci ^ and C2 > 0. 

Proof. From Theorem 13.81 and Lemma 13 in [J] we obtain 

G D (x,w)G D (z,y) _ ( \x-y\ \ d ~ a fi D (w)fi D (z)(j) 2 D (A x> y) 





\x - 


-y\ 


\x 


— w\ 


\y - A 




\x - 


■y\ 


\x 


— w\ 


\y - A 



G D (x,y) \\x-w\\y-z\J $,(4*,«)$>CA*,v) 



Because |cr(x)| ^ c\\x\ e d for \x\ < diam(D) we get \a(w — z)\ < c\\w — z\ e d on D x D. So, 
from Lemma f3. Ill it's enough to prove that for some Ci ^ and C2 > 0, 

\ x _ y \d-a+ Pl +p 2 I I \ X - W \"-Pi-d\ W - Z \Q-d\ Z -y\<x-P*-ddwdz ^ C{d\&m{D)) Cl \x - y\^\ 
J D J D 

for some C = C(d, pi, p%, g), where pi,p2 £ {0)7}- Recall that 7 < a, hence the above 
inequality is a consequence of Lemma 13.121 □ 

By inspecting the estimates from Theorem 13. 101 one can check that the following remark 
is true. 

Remark 3.14. In the case d = 1 ^ a the above lemma does not hold. This is a reason why 
the proof below of Theorem II .11 in the one- dimensional case for a > 1 needs to employ some 
other arguments then in the general case. 



3.1 Proof of Theorem flTTI 

Throughout this subsection we assume that o 
continuous measure and its density satisfies 



= v — v is a finite nonnegative absolutely 



a(x) ^ C\x\ e ~ d , \x\<l, 

for some positive g. Then there is also a constant c = c(C, d, a, diam(D)) such that cr(x) ^ 
c|x| e_d for \x\ < diam(D). Let D be a bounded connected Lipschitz domain. Then the 
property A holds for Y t by Theorem 13.31 

The corollaries 13.21 and 13.61 allow us to write the following inequality 

C^G Y (x,y) < G D (x,y) ^ G Y D (x,y) + C 1 R D (x,y), (11) 
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where Rd(x, y) = J D J D Gu(x, w)a(w — z)Gd{z, y)dwdz. 

From Theorems 13.81 and 13. 101 we obtain that for \x — y\ ^ 9 > 

G D (x,y)^C(9)E x T D E^T D . 

Hence, by the property A and Lemma [2.41 we get 

G D (x, y) ^ C(9)G Y D (x, y), \x-y\^9>0 

What remains it is to show that Ro(x,y) ^ ^rGo(x,y) if \x — y\ is small enough. But for 
d > a this is a consequence of Lemma [3.131 This completes the proof for d > a. 

Now, we deal with the case 1 = d ^ a. We need to show that Go(x,y) ^ CGj)(x,y) if 
\x — y\ is small enough. Recall that in this case D is a bounded open interval. 

Lemma 3.15. Let d = 1. Then there is a constant C = C(a, D,m) such that for any 
x y G D 

R D (x,y)^C |a ,_ y|1 _ gA1 ■ 
Proof. From Theorem 13 .101 it is easy to see that 

\x-y\ 

Hence, for g < 1 we can prove in the same way as in Lemma 8 in |R] that 

G fl a;,tu h n — ^ C- — . (13) 

{w-yl 1 -? \x-y\^P v ' 

From the above 

dw ^ _ 5 D (x) a / 2 



\x — z 



/ Gr)(x,w)o-(z — w)dw ^ C Gd(x,w)- — ^ C-. 

Jd ' Jd \w-zl 1 o | 

If q > 1 then er is bounded and one knows that E x td ~ (5_d(^)) Q//2 , so 

/ G^x, w)<r(z - < OETtd < c<5 D (x) a/2 . 

Jd 

Now, we use symmetry of the Green function and the inequality EH again to get 

,{8 D {x)8 D {y))^ 



R D (x } y) < C- 



\x-y 



1-gAl 



□ 



Finally, we are able to prove the lower bound of the Green function for 1 = d < a. 
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Proposition 3.16. Let D be a bounded and open interval. Let a > 1. Then there exists a 
constant C = C(m, d, a, D) such that for any x,y G D, 

G D (x,y)^CG Y (x,y). 

Proof. Note that we only need to consider the case \x — y\ < 9 for some sufficiently small 
6 > 0. First, we assume that Sjj(x)S£)(y) ^ \x — y\ 2 . By Theorem 13. 101 this implies that 

(s D (x)5 D ( y )r/ 2 ~ 

i : ^ CG D (x,y). 

\x - y\ 

Then apply Lemma f3. 151 to obtain 

R D (x,y)^C\x-y\^ 1 G D (x,y), 
for some constant C. So from (jlljl it follows that 

G D (x, y) ^ G Y (x, y) + C\x - y\ sA1 G D (x, y). (14) 
By the estimates of pu(t,x,y) (Remark 12. Hj) we have 



p D (t,x,y)dt ^ Ct 1 - 1/a (5 D (x)5 D (y)) a / 2 . (15) 

to 

Next, from Lemma f2. 51 for X = X we have 

p D (t, x, y) SC p Y D {t, x, y) + ac, y) - e- 2mt p Y (t, x, y), (16) 

so integrating over [0,to], where to = (^d(^)^d(?/)) q: ^ 6 < 1, using LemmaEHl and combining 
with (fT5*j) we obtain 

G D (x,y) = / p D (t,x,y)dt+ / p D (t,x J y)dt 

JO Jt 

^ G Y (x,y) + [ (p(t,x,y) - e~ 2mt p Y (t,x,y))dt + Ct 1 - 1/a (5 D (x)5 D ( y )) a / 2 



^ G Y (x,y) + ctl 1/a + Ct 1 - 1/a (5 D (x)5 D (y)r/ 2 

= G Y (x,y) + c(5 D (x)5 D (y))^. (17) 

Now assume that \x — y\ 2 ^ 5d(x)$d(?/) and take into account that in this case Gn(x,y) > 
C(8D(x)o~D(y))^ a ~ 1 ^ 2 , so we can rewrite (fTTjl as 

G D (x,y)^G Y (x,y) + c(S D (x)5 D (y)YG D (x,y), (18) 

where p = > 0. Observe that (fTHjl in the case \x — y\ 2 ^ ^d(^)^d(i/) < an d (JT4*j) in 
the case <5d(:e)5d(?/) ^ \x ~ y\ 2 < 6 for 9 sufficiently small provide the conclusion. From the 
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remaining cases 8d{x)8d{d) > or \x — y\ 2 > 9 only the first needs to be considered and can 
be handled in a very simple way. Indeed, in this situation 

(S D (x)5 D (y)) 2 -^ < {5 D {x)5 D {y))^-^ < C9-^G Y (x,y), 

where the last step follows from the fact that Y t has the property A and Lemma 12.41 Hence 
the conclusion holds by ()17j1 . This completes the proof. 

□ 

3.2 Case v Y ^ v 

Throughout this subsection we assume that v Y ^ v and in addition let D be a bounded 
Lipschitz domain. Note that in this case by the result of Sztonyk [Sij the process Y does not 
hit the boundary on exiting D, so if u is regular harmonic on D with respect to the process 
Y then 

u{x) = E x u{Y TD ) = / u(z)P%(x,z)dz, x G D. (19) 
Jd c 

The aim of this section is to prove that the Green functions are comparable, first for D with 
small diameter and then for arbitrary bounded Lipschitz domains. The result for D of small 
diameter allows us to prove a version of the Boundary Harnack Principle under the following 
assumptions : 

Gl u Y (x) ^ v(x) for x G M d \ {0}, 

G2 for some R > there are constants c\(R) and 7 such that 

\a(x)\ = \v{x) - v Y {x)\ ^ ci\x\ e ~ d for \x\ ^ R, 

G3 there is a constant c% = C2(R) such that 

v Y (x) ^ C2V Y {y) for any x, y G M d such that \x — y\ ^ i?/2 and \x\, \y\ ^ R/2. 

Then after establishing BHP we show that we can remove the assumption about the diameter 
of the set D. 

We start with the iteration of the inequality from Corollary to obtain for •) 
continuous, 

n 

G Y (x,y) ^ G D {x,y) + Y}m) k G D {-,y)]{x) + [{H° D ) n + l G Y {-M{x), (20) 

k=l 

where : L l (D) — > L X (D) is given by 

[Hof(-)Kx)= [ [ G D (x,w)\a(w-z)\f(z)dwdz. 

We now prove comparability of Green functions for sets of small diameter. Note that the 
constant C in the conclusion of the following Proposition depends on D through r and A. 
This feature is crucial for our future applications. 
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Proposition 3.17. Let d > a. Let D be a Lipschitz domain and G^(x, •) be continuous 
and v Y satisfies Gl and G2, then there exist constants R = Ro(d, a, A, r , a) ^ R and 
C = C(Rq) which has the following property: if diam(D) ^ R Q then 

C~ 1 G D {x, y) ^ Gl(x, y) ^ CG D (x, y), x,y G D. 

Proof. If diam(D) ^ R by Lemma f3. 131 we get that 

[H£G D (;y)](x) < C 1 diam( J D) c G D (x,|/), 

for some constant C\ = C\(d, a, A, r , a) and ( > 0. Iterating the above inequality we obtain 
that [{H a D ) k G D {-,y)\{x) is bounded by 

(C 1 diam( J D)O fe G D (x, 2/ ). 

Setting 

Rn = — C-i ^ A R 
u 2 i 

we obtain for diam(D) ^ i? that 

[tf£G D (-,2/)](x) <6G D (x,y), (21) 

for some # ^ 1/2. 

Next, we show that for any x ^ y G D 



lim [(flS) B GL(-,y)](*) = o. 

n— >oo 

Indeed, let us observe that for a positive / G L l (D) we have from (|21jl that 

[(iJ^) 2 /](x) = Gd(x,u)\o-(u — v)\Gd(v,w)\ct(w — z)\f(z)dzdwdvdu 




' D JD JD JD 

[(H£)G D (., w)](x)\a(w - z)\f(z)dzdw 

1 D J D 

^ 6 / / Gd(x, w)\a(w — z)\f{z)dzdw 

JD JD 

Iterating we obtain [(iJg) n+1 G|^(-, y)](x) ^ 8 n [(H'[ ) )G^ ) (-,y)](x). So it is enough to prove 
that [(if^)G^(-, y)](x) is finite. But from Lemma l2~71 we obtain that there is a constant C 
such that G Y (x,y) ^ CU(x — y). Hence by Lemma 13.121 we get 

[{Hf))Gl{-,y)}{x)^C [ [ U{x-w)\a{w-z)\U{z-y)dwdz< oo. 

Finally, we infer from fl2()D that if diam(D) ^ Rq then 

$ ~ 



which together with Corollary 13.21 ends the proof. □ 
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Remark 3.18. The constant C(Rq) in the above theorem converges to 1 if diam(D) converges 
to 0. 

The next result shows that the Poisson kernels for D are comparable under the assump- 
tions of the preceding result. This in consequence provides necessary tools to establish 
BHP, which is employed to show comparability of Green functions for sets of arbitrary finite 
diameter. 

Proposition 3.19. Let d > a and D be a bounded Lipschitz domain. Assume that v Y 
satisfies assumptions Gl and G2 and is bounded on B c (0,R). There exist constants Rq = 
Ro(d, a, A, r , er) ^ R/2 and C = C(Rq) which satisfy for D such that diam(Z)) ^ R 

C- l P D (x,z) < P%{x,z) < CP D (x,z), 

for any x G D and z G D c : o~d{ z ) ^ R . Moreover, if we suppose thatv Y satisfies assumption 
G3 with R = 2R Q , then there exists a constant C(Rq) such that 

C- l u Y (z - x)E x t d < P Y {x, z) «C Cv Y (z - x)E x t d , 

for x G D and z G D° : 5d{z) > Rq. 

Proof. By Proposition 13 . 1 71 there are constants R ^ R/2 and Ci(R ) such that 

C^G D (x,y) ^ G Y (x,y) ^ dGo^y), 
for D with diam(D) ^ R . Next, from Theorem 1 in (iWj we have the following formula 

P%(x,z) = / v Y \z -y)G Y D (x,y)dy. 

J D 

But \a(w)\ < ci\w\- d+e = c 1 ^(-a,d) _1 i7(ty)|ty| e+tt . So for z G Tf : 5 D (z) < R we have 

\a(z - y)\ < Cl £f(-a, d)-\2R y +a u(z - y). 

Hence, we put R = R A 1/2 ( ^g^ ) V " +g and then 

k0-2/)l < ^0*0- 

By the above inequality we obtain 

P%(x,z) ^ Ci / v Y (z -y)G D (x,y)dy 

' D 



= C ^yj u ( z ~y) G o(x,y)dy + j a(z -y)G D (x,y)dy 

< C 1 P D (x,y) + C 1 \a(z - y)\G D (x,y)dy 
Jd 

^ ^Pn&y), 

22 



and 

P%(x,z) > C^ 1 [ v Y (z-y)G D (x,y)dy 
Jd 

> C?P D {x,y)-C? [ \a(z-y)\G D (x,y)dy 

Jd 

> °±-P D (x,y), 

which ends the proof of the first claim of the theorem. 

Now, suppose that there is a constant c = c(Rq) such that v Y \x) ^ cu Y \y) for all 
\x\, \y\ ^ Rq such that \x — y\ < Rq. Assume that z G D : Sr>(z) > Rq. For x,y G D we 
have 

| a; — z\ ^ 5d(z) ^ Rq and of course \x — y\ ^ diam(D) ^ Rq. 

Hence, we get 

Pd(x,z) cC x v Y {x-z) \ G D (x,y)dy 

Jd 

= cC x v y {x-z)E x t d . 

Similarly the lower bound is 

P%(x,z) > (cC 1 )- 1 u y (x-z)E x t d . 

□ 

Theorem 3.20. (Boundary Harnack Principle-BHP) Let d > a and D be a bounded Lips- 
chitz domain. Suppose that v Y satisfies G1-G3. Let Z G dD. Then there exists a constant 
Po = Po(-D) suc h that for any p G (0, po] and two functions u and v which are nonnegative in 
R d and positive, regular harmonic in D n B(Z,p). If u and v vanish on D c n B(Z,p), then 
for x, ye DnB(Z,p(3) 

u(x) < c u(y) 
v(x) ^ v{yY 
for some constant C = C(D, a, a) and j3(d, A) G (0, 1). 

Proof. There is a constant R± = R±(d, A) ^ 1 (see e.g. |Bolj ) such that for all Z G dD and 
r G (0, ro), there exists a Lipschitz domain Q(r) with the Lipschitz constant A-Ri and the 
localization radius diam(£))ro/-Ri, having the property 

D n B(Z, r/Ri) C fl(r) C D n B(Z, r). 

The proof consists of showing that there are constants C = C(D, a, a) and Pq such that 
for p < po and z G fi(p) c fl B C (Z, p/R x ), 

P ^^)<C^^P Y (p) (y,z), (22) 
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where x, y G D n p/ (i?i2)). It is worth mentioning that the constant C is universal for 
all sets p < Po- This would give the conclusion with (3 = 1/(2 -Ri) since by (fTTJj) we 

have 



u(x) = E x u(Y Tn(p) ) = / u(z)P£ w 

./fi(p)<= 



Q(j>Y\B{Z,p/Rx) 



u ( z ) p n(p)( x , z ) dz 



which would imply 



< C^S^ [ u(z)PZ (p) (y,z)dz 



v(y) < c E x T n{p) c EyT n{p) = c2 



u(y)v(x) EVTn{ P ) E x r n(p) 

Now we prove ([22)1 . From Proposition 13.191 we obtain that there exists constant po < 
tq(D) and C\ = Ci(p ) such that for any p ^ p 

if $n{p)( z ) ^ Po- Note that C\ is universal for all fi(p). 

By Theorem 2 in jj] we have that there is some C<i = 62(0;, d, A, r ) such that for any 
x,y £ D and z & D 

where z' 6 {4 £ D : P(A, «<?n(p)(z)) CflH 5(5, S u{p) (z))} if <fe( P )(*) < W 32 and z' = x x 
if 8fi(p){z) > r /32 for 5 such that \z — S\ = Sa( P ){z). If x,y G D fl B(Z, p/(Ri2)) and 
2 G fi(p) c n P C (Z, p/i?!) then 

|y - *l < + < n + P/^i \ = 3 



x — z 


+ 


x - y| 




x — z\ 





\x — z\ \x — z\ p/(2R\) 

Now, suppose that #n( p )(z) ^ p/32 then we obtain 

\x - z'\ ^ \x - z\ - \z - z'\ ^ \x - z\ - \z - S\ - \z' - S\ ^ ~ - 25a( P ){z) ^ ^p > 

while if > p/32 then z' = x\, so 5q.( p ){. z ') ^ r o/4. Therefore A XtZ i = x\ = A VjZ i and 

of course f n(p) !/^'i = 1. Hence for x,y G P n B(Z,p/(R 1 2)) and 2 G fi(p) c n B c (Z,pjR x ) 
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such that 5citp)(z) ^ po we get 

Next, observe that G1-G3 imply that for r < R there is a constant c = c(r) such that 
v Y [x) ^ cv Y {%)) for all x and y such that \x — y\ ^ r and \y\ ^ r. Hence for S^^(z) ^ po 
we have 

P£ (p) (x,z) ^ C 3 (p )u Y (z-x)E x r n(p) ^ C 3 (p )c(po)v Y (z-y)E*T n{p) ^ c C 2 3 ^^P Y p) (y, z). 



This completes the proof of (|22|) and hence the theorem. □ 

For regular harmonic functions, which vanish on D c we infer the following remark. 

Remark 3.21. Suppose v Y satisfies Gl, G2 and is bounded on B c (0, R). Let Z G dD. Then 
there exists a constant p = Po(D) such that for any p G (0, p ] and two functions u and 
f which are nonnegative in M d and positive, regular harmonic in D D B(Z,p). If w and t> 
vanish on Z} c , then for x,y £ D C\ B(Z, p/3) 

^ v{y)' 

for some constant C = C(D, a, a) and j3(d, A) G (0, 1). 

Theorem 3.22. Let d > a and D be a bounded Lipschitz domain. Assume that v Y satisfies 
assumptions Gl, G2 and is bounded on B c (0, R). Then for x,y G D we have 

C-'Gnix, y) ^ G Y (x, y) ^ CG D (x, y), 

for some constant C — C(d, A, r , a) . 

Proof. Observe that for \x — y\ ^ N(5d(x) A 5r>(y)), 

G^)(x,y) ^ GB(x,S D (x)AS D (.y)^Ro(D))( X Ty) ^ CG B (x,S D {x)A5 D (y)AR )(x, y) , 

where Ro is such that G^, 0RQ Jx,y) ~ GB(o,R )(%,y) (such i? exists from Proposition 13. 17|l . 
Next, it is easy to see from Theorem 3.4 in |Klj that 



c{N)\x-y\ a d ^ G B{X:5D{x)A s D{y ) ARo )(x,y) < CG Y D {x,y). (23) 
From Lemma f2. 71 we have 

G Y (x, y) ^U Y (x-y)^ CU(x - y) = C\x - y\ a ~ d . (24) 
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We define similarly as in Theorem 13.81 the truncated Green function for Y t by 

( J ) Y (x)=G Y (x 1 ,y)A £ f(d,a)r d+a . 
Using Remark 13.211 we can repeat the arguments from Lemma 17 in [J] to show that 



•>l(x) W E>T%. 



E x r Y D « E x r D . 



Next, by Lemma f2. 41 we get 
Therefore 

4>l{x) « (25) 

By the above and (|24|) we infer that there is a constant r such that <p£){x) = xo) for 

x G -D fl S c (xo, r). Hence by Harnack's inequality for a-stable harmonic functions we obtain 
that for x, y G D fl -B c (x , r) such that \x — y\ ^ N(5d(x) A 

G£(x,x ) = 0£(a;) « < C(N)My) « ^(y) = G^(y,x ). (26) 

Using BHP for (Remark I3.21j) . and taking into account ()23j) . (|24jl and 1)2 6j) we can 
prove a version of Theorem 13.81 with G Y D instead of Gd (see the proof of Theorem 1 in JJ), 
that is 

Applying (j25|) and then comparing the above estimate with the bound from Theorem 13.81 we 
get the conclusion. □ 

3.3 Proof of Theorem 1.2 

Let d > a and D be a connected Lipschitz domain. Suppose that |er(x)| ^ c 3 \x\~ d+e for 
\x\ ^ 1, where g > and v Y [x) is bounded on -B c (0, 1). Then the property A holds for Y t 
from Corollary 13.71 

Let {Z t } be a Levy process with the Levy measure, which density is equal to u(x) Vu(x). 
Then of course the process Z t and the set D satisfies the assumptions of Theorem 13.221 So, 
we obtain that there is a constant C\ such that 

C^G D (x,y) ^ G z (x,y) ^ C^G^y). (27) 

Therefore we have that 

Moreover, the property A holds for Y t , that is 

CE°T$E»>iZ^Gl(x,y). (29) 
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Having (J2"%|) and (J2"9*J) hold, we can repeat the proof of Theorem II. II for d > a. Hence there 
exists a constant C3 which satisfies 

C^G Y (x,y) < G z (x,y) ^ C 3 G Y (x,y). (30) 
Combining (|27jl and (J3UJl give us 

C^Gofay) < G£(x,y) < CG D {x,y), 
which completes the proof. 
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